
Notes Math-1600-es31 2015 November 4

Re
all from the O
tober 19 notes that if f is di�erentiable at c, then

f(c+ h) = f(c) + f̃c(h)h

for some fun
tion f̃c that s 
ontinuous at 0 (and then f̃c(0) is f
′(c)). Sin
e f̃c is 
ontinuous at 0, we 
an

say that f̃c(h) ≈ f̃c(0) when h ≈ 0, or in other words, f̃c(h) ≈ f ′(c) when h ≈ 0. Putting this approxima-

tion in the equation above, we get

f(c+ h) ≈ f(c) + f ′(c)h

when h ≈ 0. Writing x for c+ h (so that h = x− c), you 
an also put this as

f(x) ≈ f(c) + f ′(c) (x− c)

when x ≈ c. While the left-hand side 
ould be any fun
tion, the right-hand side is a linear fun
tion of x;

this is the linear approximation to f near c.

This is a
tually only the beginning of a whole series of approximations, ea
h (typi
ally) better than

the one before it:

f(x) ≈ f(c), a 
onstant, if f is 
ontinuous at c;

f(x) ≈ f(c) + f ′(c) (x− c), a linear fun
tion of x, if f is di�erentiable at c;

f(x) ≈ f(c) + f ′(c) (x− c) +
1

2
f ′′(c) (x− c)

2
, a quadrati
 fun
tion of x, if f is twi
e di�erentiable at c;

f(x) ≈ f(c) + f ′(c) (x− c) +
1

2
f ′′(c) (x− c)

2
+

1

6
f ′′′(c) (x− c)

3
, a 
ubi
 fun
tion of x,

if f is 3-times di�erentiable at c;

.

.

.

This sequen
e of approximations is dis
ussed in Se
tion 9.8 of the textbook and 
overed in Cal
ulus 2.

It s handy to des
ribe linear approximation in terms of di�erentials and di�eren
es. While a di�eren-

tial represents an in�nitesimal (in�nitely small) 
hange, a di�eren
e represents an appre
iable or �nitesi-

mal (not in�nitely small) 
hange. As x 
hanges from c to c+ h, we say that the di�eren
e in x is

∆x = (c+ h)− c = h.

Meanwhile, if y = f(x), then the di�eren
e in y is

∆y = y|
x=c+h

− y|
x=c

= f(c+ h)− f(c).

To be spe
i�
, we 
an write

∆y| x=c,

∆x=h
= f(c+ h)− f(c).

Then the linear approximation says

∆y| x=c,

∆x=h
= f(c+ h)− f(c) ≈ f(c) + f ′(c)h− f(c) = f ′(c)h = dy| x=c,

dx=h
.

So in the end, the linear approximation repla
es di�eren
es with di�erentials. Although

∆y| x=c,

∆x=h
≈ dy| x=c,

dx=h

is the proper way to put it, often one abbreviates this as

∆y ≈ dy.

(But really this only 
orre
t if we also have ∆x ≈ dx, be
ause that di�eren
e is also repla
ed by a di�er-

ential in the approximation.) More generally, you 
an say that an equation involving di�erentials 
an be

repla
ed by an approximate equation involving di�eren
es.
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