Exam 1 MATH-1400-Es31 2011 May 3

This exam runs from 12:00 to 1:25; if I've written it well, then you shouldn't need the whole time. You
may use any books or notes that you have, but you may not communicate with anybody but me. You can
come up and talk to me if you have questions, especially about the instructions. Also, you may use a cal-
culator if you wish.

Take your time, and check over your answers. Read the instructions carefully, and be sure to show
everything that they ask. You can always show more work if you like. If you're unsure of your answer,
then explain what you're unsure about, and show your work so that you can get as much partial credit as

possible.
Don't forget to put your name on the exam!!!

1 In each part, you are given an equation relating x and y. Find the derivative of y with respect to x; that
is, find an expression for dy/dx. (Show at least one intermediate step for each.)

a. y=3(x+1)°

dy=d(3(z+1)*) =3d((z+1)*) =3(2(= + 1) d(x+ 1)) = 6(z + 1) du;

dy _

1).
3 = @ +1)

b. y=2vz+1

_2\3/x+1d(m+1) _ 2Vr+ 1dx

dy =d(2Vz +1) = 2d(Vz +1)

3(z+1) 3x+1)
dy 2Vz+1
dr  3(x+1)°

c. 2z + 3y =224+ 93

d(2z + 3y) = d(2? + y*);
d(22) +d(3y) = d(z?) +d(y);
2dz + 3dy = 2z dx + 3y dy;
3dy — 3y* dy = 2z dx — 2dx;
(3 —3y?)dy = (2x — 2) dx;
dy 2x -2
dr 3 —3y%"

2 Find the first and second derivatives of each of the following functions; that is, find formulas for both f’
and f”. (Show at least one intermediate step for each.)

a. f(x)=222+3

fa) = O g
df'(z) = d(4z) = 4dux;
(z) = dﬁf) — 4
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b f() =
o (r+2\  (x—=3)d(x+2)—(r+2)d(r—-3) (r-3)dr—(r+2)dr  —5dx
df(l‘)—d<x_3> = (.1:—3)2 = (x—3)2 - (.r—3)2’
, df(z —
e
v =5\ 5d(@-3)°) 5(2@-3)d@-3))  10de
df ((E)— <((E—3)2> - ((x—S)Q)Z - ($—3)4 - (1’—3)3’
e =" = (@ ios)s'

3 The population of a certain city is given approximately by

C =100 + 2t2,

where C is the city's population in thousands and t is the time in years since the city was founded. The
population of the city’s metropolitan area is given approximately by

M = C +0.14C,

where M is the metropolitan population in thousands.

. Ten years after the city was founded, how fast is its population growing? (Show at least what numerical
calculation you make, and be sure to include appropriate units.)

dC = d(100 + 2t%) = d(2t?) = 2d(t?) = 2(2t dt) = 4t dt;
dc

— =4t
a1

Ten years after the city was founded, ¢ = 10; then

dcC
— = 4(10) = 40.
" (10) = 40

Therefore, the city's population is growing at a rate of 40 thousand per year.

. Ten years after the city was founded, how fast is the population of its metropolitan area growing? (Show
at least what numerical calculation you make, and be sure to include appropriate units.)

dM = d(C + 0.1tC) = dC + d(0.1¢C) = dC + 0.1d(tC)
=dC +0.1(Cdt + tdC) = (1 +0.16)dC + 0.1C dt;

dM

dC
— = (14+0.1)— +0.1C.
” (14+0.1)— +0.1C

dt

When ¢ = 10,
C =100+ 2(10)*> = 300

and dC/dt = 40 (from part a), so

dM

o = (1+0.1(10))(40) + 0.1(300) = 110.

Therefore, the metropolitan area's population is growing at a rate of 110 thousand per year.
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4 Evaluate the following limits. (Show at least one intermediate step for each.)

a. lim (w2—25>
) z—5

lim
r—5

(x2—25) _ (=25 _0

r—5 5)—5 0

which is indeterminate. Applying L'Ho6pital's Rule,

i z? —25 ; d(z? — 25) . 2z dx )
s ( x—5 ) o 51315 <m> = lim <W) = hr% (22) = 2(5) = 10.

r—5 r—5 r—

Alternatively, using algebra to simplify,

lim <x2_§5) = lim (W) = lim (z +5) = (5) +5 = 10.

r—5 r—5

g ((f_sz)))?) N Eg)i 3)2 - g

which may be infinite. If # < 3, then z — 3 < 0, so (z —3)® > 0;if # > 3, then z — 3 > 0, so (z — 3)> > 0
again. Therefore,
) 2?2 -3
lim | ——— ) = 6(c0) = 0.
z—3 (J; _ 3)

5 For each of the following functions, find its maximum and minimum value, if they exist. (Show at least
what numerical calculation you make for each, as well as at least one other intermediate step.) For ex-
tra credit, sketch a graph of one function, making sure that any maximum or minimum appears on the
graph. (Be sure to label the scale on your graph.)

a. f(z) = 2%+ 4023 + 4002>
The function f is always defined.

df(z) = d(z* + 4023 + 4002?) = 42> dz + 12022 dz + 800z da;
f(z) = dﬁf) = 42® + 12022 + 800z

This is always defined; it is zero only if

0 = 423 + 12022 + 800z = 42 (2? + 30z + 200) = 42*(2 4 10)(z + 20),
422 =0orz+10=0or  + 20 = 0,
z=0o0r xz=-10 or x = —20.
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So,

£(0) = (0)* +40(0)* + 400(0)* = 0,
f(=10) = (=10)* + 40(—10)* + 400(—10) = 10000,
f(=20) = (—20)* + 40(—20)* + 400(—20)° =

lim (2" + 402 +40022) = (00)* + 40(00)® + 400(c0)? = o0,

lim (z* + 402° 4 4002%) = oo

r— —0Q

(the last of which was given on the board). Therefore, there is no maximum, while the minimum is 0
(which occurs at both 0 and —20).

To graph this, I should include both —20 and 0 in the window horizontally and include both 0 and 10000

in the window vertically. Here is a graph with the horizontal window from —30 to 10 and the vertical win-
dow from —5000 to 15 000:
I 15000 |
| i

|| 10000

5000

-/
-
\/ YA
L 1 L L L L L -./r'llu L L L 1
— 30 - 20 —10a - 10
— 5000 -
b. Extra credit. f(z) =900 — 22
The function f is undefined if
0 > 900 — z2,
z? > 900,
|z| > 30,

x < —30 or x > 30.

So only looking at —30 < z < 30,

df(z) = d(\/m) _ —22/900 — 22 dz_

20900 — 22)
df(z) _  2v900 —z?
dr 900 — 22~

f(@) =
This is undefined only if
0 =900 — 22 = (30 — x)(30 + ),

30—z=0o0r 3042 =0,
x = £30;
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it is zero only if

0 = 24/900 — 22,
0=z or 0 =900 — z2,
z =0 or z==230.

So,
£(0) = /900 — (0)* = v/900 = 30,
F(£30) = 1/900 — (£30)* = 0.

Therefore, the maximum is 30 (which occurs at 0), while the minimum is 0 (which occurs at both £30).
To graph this, I should include both £30 in the window horizontally and include both 0 and 30 in the
window vertically. Here is a graph with the horizontal window from —40 to 40 and the vertical window
from —10 to 40:
40

—40 =20 [ 20 40

—1ol

Suppose that the revenue from selling x specialty items in a year is
R =10z — z°,

while the cost is
C = 4x + 100,

both measured in thousands of dollars.

. How many items should be sold in a year to maximise revenue? (Show at least what numerical calculation
you make.)

dR = d(10z — 2*) = 10dx — 2z dz.
While dx varies freely, this is zero only if

0=10 — 2z,

T = 5.

This is the number of items that should be sold to maximise revenue.
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b. How many should be sold to maximise profit? (Show at least what numerical calculation you make.)

If P is profit, then
dP=d(R—-C)=dR—dC =10dx — 2z:dz — 4 dx.

While dx varies freely, this is zero only if
0=10—2z — 4,
x=3.
This is the number of items that should be sold to maximise profit.

c. Extra credit. How many should be sold to minimise cost? (Show at least what numerical calculation you
make.)

While dz varies freely, dC is never zero. However, since dC/dz = 4 is always positive, we can minimise
cost by minimising x, and it doesn't make sense for x to go below zero. Therefore, no items should be
sold to minimise cost.
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