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The Fundamental Theorem of Cal ulus

In one-variable Cal ulus, the se ond Fundamental Theorem states that
wb

x=a

f ′ (x) dx = f (b) − f (a).

If we write u for the quantity f (x), then its dierential du is pre isely the integrand f ′ (x) dx, so the Fundamental Theorem an also be written as
wb
b
du = u|a .
a

This works just as well when there are several independent variables as when there is just one. Now if u =
f (P ), then du is ∇f (P ) · dr, so
wb
∇f (P ) · dr = f (b) − f (a).
P =a

Although this is now a theorem about integrating a gradient along a urve, in essen e it is still just the
ft , a theorem about integrating dierentials. This has a massive generalization to higher-rank dierential forms, alled the Stokes Theorem, whi h we ll get to later.
A dierential form is alled exa t if there exists a quantity u su h that α = du. Similarly, a ve tor eld F is alled onservative if there is a s alar eld f su h that F = ∇f . The onne tion between
these
Ä is äthat F is onservative if and only if F(P ) · dr is exa t. (After all, if F = ∇f , then F(P ) · dr =
d f (P ) .) An oriented urve is alled losed if its beginning and ending points are the same; one someu
r
times emphasizes that an integral is along a losed urve by writing in pla e of . Then the integral of
an exa t dierential form or a onservative ve tor eld along a losed urve is zero, be ause
z

C

α=

wa
a

du = u|a = u|a − u|a = 0.
a

Similarly, the integral of a onservative ve tor eld along a losed urve is zero. In this ase, we an use
notation more like that of a denite integral in one variable:
w P2

P =P1

α

means the integral of α along any urve from P1 to P2 . It doesn t matter whi h urve you use; if C1 and C2
are both urves like this, then these ombine into a losed urve C1 − C2 , in whi h you start at P1 , follow
C1 to P2 , then follow C2 ba kwards (hen e the minus sign) ba k to P1 . Then
w
r

C1

α−

w

C2

α=

z

C1 −C2

α = 0,

r

so C1 α = C2 α. (This is still undened if there is no urve from P1 to P2 through the domain of α. This
rb
is analogous to the ase in one dimension of an integral x=a
f (x) dx where f is undened somewhere between a and b.)
Conversely, if the integral of a dierential form or of a ve tor eld is zero along every losed urve,
then that dierential form must be exa t or that ve tor eld must be onservative. The reason is that in
this ase (and only in this ase) we an pi k a point P0 to start from and dene a semidenite integral
u=

w

P =P0

α=

wP

P0

α.

Be ause α is exa t, you get the same result no matter whi h path you use from P0 to P . (Ideally, the domain of α should be path- onne ted, meaning that there exists a urve between any two points. If not,
then you must split the domain into various path- onne ted omponents and pi k a point in ea h.) That
du = α in this ase is essentially the multivariable version of the rst Fundamental Theorem of Cal ulus.
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Given a dierential form α, nding su h an expression u is a form of indenite integration. It s not
pra ti al to he k every possible urve, of ourse, so we need other methods to de ide if α is exa t, and
this an also help us to nd u. There are a tually several methods; one is given in the textbook, essentially reversing the pro ess of partial dierentiation with a kind of partial integration. (If you try this method
when α is not exa t, then it will fail.)
If the domain of α is reasonably simple, then it s possible to pi k a point P0 and write down a general
formula for a parametrized urve from P0 to any point P . (For example, you ould always use a straight
line segment, as long as these line segments always lie entirely within the domain.) If you try this method when α is not exa t, then you may get a result; but when you he k it, then you ll nd that it s wrong
when α is not exa t.
It s often possible to tell ahead of time whether α is exa t. To really explain what s going on here,
I ll need to talk about the exterior dierential, whi h is a topi that we ll get to in a ouple of weeks. For
now, I ll des ribe it in terms of partial derivatives. So, if α = du, then
α=

∂u
∂u
dx +
dy + · · · .
∂x
∂y

(The dots are meant to indi ate that more terms may appear if there are more than two variables.) Assuming that u is twi e dierentiable, then mixed se ond partial derivatives are equal:
∂2u
∂2u
.
=
∂x ∂y
∂y ∂x

So if you start with an arbitrary linear dierential 1-form
α = αx dx + αy dy + · · · ,

then it ould only be exa t if it is

losed,

meaning that
∂αx
∂αy
=
∂y
∂x

(and similarly for other mixtures of derivatives if there are more than two variables), assuming that it s
dierentiable in the rst pla e. Similarly, a ve tor eld
F(x, y, . . .) = F1 (x, y, . . .)i + F2 (x, y, . . .)j + · · ·

an only be onservative if it is irrotational, meaning that
D2 F1 = D1 F2

(and similarly for other mixtures of derivatives if there are more than two variables), assuming that it s
dierentiable in the rst pla e.
Conversely, a losed dierential form or an irrotational ve tor eld must be exa t or onservative (respe tively) if its domain is pre isely-simply onne ted, whi h means that any simple losed urve (one
that doesn t interse t itself ex ept where its two endpoints are equal) in the domain of the dierential form
or the ve tor eld is the boundary of a region that lies entirely within that domain. (The domain is simply
onne ted if it is both path- onne ted and pre isely-simply onne ted. Conversely, it is pre isely-simply
onne ted if ea h of its path- onne ted omponents is simply onne ted. If you take a lass in Topology
su h as Math 471 at Unl, then you ll learn a hundred spe i terms like these.) But a full dis ussion of
the reasons for this must wait until we ve overed higher-order dierential forms.
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