Notes MATH-2080-Es31 2016 March 17
Maxwell's equations

One of the basic applications of vector calculus —arguably the original application— is the classical theo-
ry of electromagnetic fields that was fully worked almost 150 years ago by James Clerk Maxwell. Maxwell's
equations of electromagnetism have been expressed in many formalisms over the years: explicitly using
partial derivatives of component functions (the way Maxwell presented them), using quaternions (like com-
plex numbers with three imaginary dimensions, which is how Maxwell really thought of them), using the
vector calculus of Oliver Heaviside and Willard Gibbs (the simplification of quaternionic calculus that is
taught in the course textbook), using differential forms in three-dimensional space (which is how I usual-
ly think of them), and using differential forms in four-dimensional space-time. Each is simpler and more
elegant than the last.

Nearly all of the differential forms appearing in these notes will be exterior or pseudoexterior differ-
ential forms. To keep the notation simple, I will leave out the symbol ‘A’ in the wedge product and the ex-
terior differential. So unless I explicitly state otherwise, if you see two differentials (or differential forms)
multiplied together, then they're being multiplied by the wedge product (aka the exterior product); and if
you see the differential of a differential form, then it's the exterior differential. (People who work with ex-
terior differential forms usually do this anyway, especially for the differential. Note that the exterior differ-
ential of a nondifferential expression is the same as its ordinary differential, so there is no confusion there.)
Also, unlike in the specific problems that you've done in this course, I'll use variables that refer directly to
differential forms; typically, these variables with be in a fancy calligraphic font (‘A’, ‘B’, ‘C’, ...).

The quantities in the equations

To be very definite, I will give operational definitions of the physical quantities that appear in Maxwell's
equations, describing how you would (in principle) measure them.

I will take as a basic notion the idea of electric charge. Electric charge may be positive or negative,
and the difference between these is perfectly arbitrary (which is in some ways similar to the right-hand
rule); what's important is that there is a difference, and positive and negative charges cancel each other
out. In any given region of space, there is a certain total charge in that region, which we'll assume is given
by integrating a continuous rank-3 pseudoexterior differential form, the charge form Q. (The existence of
this differential form is actually a theorem, under certain assumptions about additivity and continuity of
charge.) We may write

Q=pdV =pdedydz,

where the scalar field p is the charge density. The ST unit of charge is the coulomb (named after Charles-
Augustin de Coulomb, who discovered the inverse-square law of static electricity); charge density is mea-
sured in coulombs per cubic metre.

Together with electric charge, we have electric current, which is the flow of electric charge. We
measure current through a pseudooriented surface; the total rate (with respect to time) at which charge
moves through the surface in the given direction is the current through that surface. (Negative charge
moving through the surface in the negative direction counts positively, like positive charge moving in the
positive direction; negative charge moving in the positive direction and positive charge moving in the neg-
ative direction count negatively.) The current through a pseudooriented surface is given by integrating a
continuous rank-2 pseudoexterior form, the current form 7. We may write

J=J-dS = Jydydz + Jodzdx + J3 dx dy,

where the vector field J is the current density. The SI unit of current is the coulomb per second, or am-
pere (named after André-Marie Ampere, who discovered Ampere's Law, discussed below); current density
is measured in amperes per square metre.

Based on these, we can now define some other quantities. When the work (transfer of energy) done on
a charged object is proportional to its charge, we consider that the work is done by an electric field. If a
charged object travels through an electric field along an oriented curve, then the work done on the particle
is the product of the particle's charge and the electric potential along the curve. Since the charge on
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any actual object is spread out over space and charge (as you'll see below) also affects the electric field,
we really need to consider the limiting case of an object with both infinitesimal volume and infinitesimal
charge density. The electric potential along an oriented curve is given by integrating a continuous rank-1
exterior form, the electric potential form £. We may write

E=E-dr=FEydz+ E>dy + E3dz,

where the vector field E is the electric field strength. The SI unit of electric potential is the joule per
coulomb, or volt; electric field strength is measured in volts per metre.

The electric field not only affects charges but also is created by them. As charges move in response
to the work done on them by the electric field, this tends to cancel out the original field. (This is a gen-
eral theme in electromagnetism, that any phenomenon has effects that counteract the original cause.) In
particular, if a sheet of material that conducts electric current (a Faraday shield) is placed in an electric
field, then the free charged particles in the shield will move to opposite sides, blocking out the electric
field in the interior of the sheet. The electric flux through a pseudooriented surface is the total charge
induced by the electric field on the outside of a continuous Faraday shield along that surface (or opposite
the charge induced on the inside of the shield). Again, we must really consider a limiting case, that of a
sheet with infinitesimal thickness and infinite conductance. The electric flux through a pseudooriented sur-
face is given by integrating a continuous rank-2 pseudoexterior form, the electric flux form D. We may
write

D=D-dS = D;dydz + Dy dzdx + Dsdz dy,

where the vector field D is the electric displacement. The SI unit of electric flux is the coulomb again;
electric displacement is measured in coulombs per square metre.

Besides the electric field, there is also a magnetic field. Although this may be thought of as dealing
with magnetic poles (instead of electric charges), magnetic poles are not individual objects but always
come in pairs. We now understand (and Maxwell already understood) that magnetism deals with electric
currents, with a north pole and a south pole appearing on either side of a rotating current. If a wire with
current flowing through it travels through a magnetic field, then it traces out a surface, which we orient
(not pseudoorient!) as the direction of travel followed by the direction of the current. Then the work done
on the wire is the product of the wire's current and the magnetic flux on the surface. Since any actu-
al conducting wire has some thickness and current (as you'll see below) also affects the magnetic field, we
really need to consider the limiting case of a wire with both infinitesimal thickness and infinitesimal cur-
rent density. The magnetic flux on an oriented surface is given by integrating a continuous rank-2 exterior
form, the magnetic flux form B. We may write

B=B -dS = B;dydz + Bydzdx + Bsdzdy,

where the pseudo-vector field B is the magnetic flux density. The SI unit of magnetic flux is the joule
per ampere, or weber; magnetic flux density is measured in webers per square metre, or teslas.

Just as the electric field causes charges to move to counteract it, so the magnetic field creates cur-
rents that counteract it. In particular, if a tube of conductive material (a solenoid) is placed in a magnetic
field, then the field will induce a current on the inside of the solenoid, blocking the magnetic field within
the solenoid. The magnetic potential around a pseudooriented curve (not oriented!) is the total cur-
rent induced by the magnetic field in a continuous solenoid surrounding the curve in the direction opposite
the curve's pseudoorientation. Once more, we must really consider a limiting case, that of a tube with in-
finitesimal radius and infinite conductance. The magnetic potential around a pseudooriented curve is given
by integrating a continuous rank-1 pseudoexterior form, the magnetic potential form 7. We may write

H=H- -dr = Hydx + Hydy + Hsdz,
where the pseudo-vector field H is the magnetizing field strength. The SI unit of magnetic potential is

the ampere again; magnetizing field strength is measured in amperes per metre.
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The constitutive relations

Before I get to the four equations generally called Maxwell's, I need to clear something up. We have two
ways to measure an electric field, the electric potential along a curve (the integral of £) and the electric
flux through a surface (the integral of D); similarly, we have two ways to measure a magnetic field, the
magnetic flux on a surface (the integral of B) and the magnetic potential around a curve (the integral of
H). Since £ and D measure the same physical field, there should be a relationship between them, and the
same for B and H. The simplest relationship would be that each of these quantities is the Hodge dual of
its partner; after all, the Hodge dual of an exterior 1-form is a pseudoexterior 2-form, etc. (Then we would
also have E = D and B = H.) However, there are a few complications with that.

First, if we measure D and H with actual conducting materials, then (even in the limit of infinite con-
ductance!) there will always be charges that are bound in the material, unable to be moved by the fields,
and there will also be bound currents sometimes (as in a magnet). Thus, D and H effectively measure on-
ly the free charge and current. When people express Maxwell's equations using only £ and B instead, they
speak of Maxwell's equations in a vacuum.

Secondly, even in vacuum, £ and D are measured in different units (and similarly for B and #). Up
to a point, this is expected; since volume has units of cubic metres, we expect the Hodge dual to affect
units. However, this only affects units of length, and we need more than that (in particular, the units of
charge are reversed). In vaccum, the unit conversion is done by fundamental physical constants, the elec-
tric constant €y and the magnetic constant po; then we have

*E = D
€0
(so *D = ¢y€) and
*B = poH

(so *H = B/up). Ultimately, the ST units are defined so that €, is exactly

9357 b
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farads per metre and p is exactly
T

5 N 1.26 x 1076

henries per metre. (A farad is a square coulomb per joule, named after Michael Faraday, who discoved
Faraday's Law, below; a henry is a joule per square ampere. By the way, there are only two more SI units
related specifically to electromagnetism: the siemens is a farad per second, and the ohm is a henry per
second. But we will not need these here.)

In a medium, we typically have *€ = D/e and *8 = uH (or D = €E and H = B/ in terms of vector
fields) for some constants € and p, the permittivity and permeability of the medium. (Then €y and pg are
respectively the permittivity and permeability of the vacuum.) Sometimes things are not so simple (for ex-
ample, the permittivity or permeability may depend on the direction); but we always have some relation-
ship between these quantities, called the constitutive relations of the material. When we use differential
forms instead of vector fields, the constitutive relations are the only equations in which the Hodge dual
operator appears, hence the only place where geometric ideas (such as length, angle, and volume) play a
role; using vector fields obscures this fact.
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Static systems

Maxwell found four equations, which I will state first for static systems, that is those in which the dis-
tribution of charges, currents, and fields does not change with time. In a static system, the total current
through the boundary of any region of space must be zero, because otherwise the total charge inside that
region would be changing; this is the continuity equation

J =0,
0Q

which is not counted as one of Maxwell's four. Assuming that J is continuously differentiable, then the
Stokes Theorem turns this into dej = 0; since this holds for any region ), we conclude that

dJ =0,

which is V- J = 0 in terms of the current density. Like the continuity equation, each of Maxwell's equa-
tions will have an integral and differential form.
The simplest of Maxwell's equations is

B =0,
0Q

stating that the magnetic flux through the boundary of any region in space is zero. In other words, mag-
netic flux, like current in a static system, flows continuously with no sink or source. The differential form
is
dB =0,
or V- B =0 in vector calculus.
Similarly, Faraday’s Law for static systems states that the electric potential along the boundary of
any oriented surface is zero:

E=0.
AR
In differential form, this becomes
d€ =0,

which is V x E = 0 in vector calulus. Thus, £ is an exact differential, and E is a conservative vector field.
Next, Gauss's Law (after Carl Gauk) states that the total electric flux outward through the boundary
of any region in space equals the total electric charge contained in that region:

)P =Je2

dD = Q;

in vector calculus, V - D = p. Thus, unlike magnetic flux, electric flux has sources and sinks, which are
electric charges.

Finally, Ampere's Law for static systems states that the magnetic potential around the boundary of a
pseudooriented surface equals the total current through that surface:

faRH - IRJ'

dH = J;

in vector calculus, V x H = J. Thus, currents are sources for the magnetic field.
The reason that the continuity equation is not counted as one of Maxwell's equations is that it actual-
ly follows from Ampere's Law. Specifically (in a static system), we have

jan - 3BQH =0

since the boundary of a boundary is empty.

In differential form,

In differential form,
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Electrodynamics

Some of the equations above only apply when the charges, currents, and fields don't change with time.
Maxwell's equations also come in a more general form that drops this assumption. It is easy enough to
state the integral forms of these equations, but the differential forms require taking seriously the four-di-
mensional nature of our universe in space and time. In vector calculus, this is done by treating space and
time separately, but differential forms make sense in any number of dimensions; this ultimately simplifies
Maxwell's equations. Finally, the constitutive relations in 4 dimensions clarify the nature of the geometry
of spacetime in our universe, which leads naturally to Albert Einstein's special theory of relativity.

Here are Maxwell's equations in integral form:

B =0,
0Q

d
jaRg - _EJRB’
faQD - jQQ’

d
jaRH - IRJ + EIRD'

In words, the magnetic flux on the boundary of an oriented region of space is still zero, but the electric
potential along the boundary of an oriented surface is now the opposite of the rate of change with time

of the magnetic flux on that surface. Similarly, the electric flux out of the boundary of a region of space

is still the total electric charge in that region, but the magnetic potential around the boundary of a pseu-
dooriented surface is now the sum of the electric current through that surface and the rate of change with
time of the electric flux through that surface. The continuity equation (which now relies on both Ampere's
Law and Gauss's Law) becomes

d d
jac,gj - 88QH B &L)QD - 7&\[@9;

in words, if current flows out of the boundary of a region of space, then the total charge in that region
goes down accordingly. (The reason that we credit these equations to Maxwell, when all of them are laws
discovered earlier by other people, is that Ampere didn't know about the contribution of D to his law;
Maxwell realized that it had to be there to get the correct continuity equation, and this is what made the
system complete.)

If we separate space from time, writing 0 for the exterior differential on space (holding time ¢ con-
stant, so giving a merely partial exterior differential) and using a dot to indicate differentiation with re-
spect to time, then here are the equations in differential form:

oB =0,
9E = —B,
oD = Q,
oM =J+D.
The continuity equation in differential form is
0T = —0Q.
Rewriting in vector calculus (which is how you usually find Maxwell's equations on T-shirts):
V-B=0,
VXE= —aa—]?,
V-D=p,
oD
VxH=J+ T
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the continuity equation is
Ip
V- J=—-——.
ot

This is a little unsatisfying, because differential forms are supposed to take care of all variation of a
quantity, which in this context is variation in both space and time. In general, we have dw = dw + w dt,
for w any differential form defined on spacetime. Then d(wdt) = dwdt = (Ow + wdt)dt = dwdt + 0 =
Owdt (since dt dt = 0 with the wedge product). This works for £, H, and 7, since £, H, and J never
appear. In fact, it works out very nicely to multiply Faraday's Law and Ampere's Law by d¢. If we then
add or subtract these equations from the ones that precede them, then we can make d5 and dD appear as
well. That is, the first pair adds as follows:

OB+ 0E dt = 0 — Bdt,
OB + Bdt +dEdt =0,
dB+d(£dt) =0,
dF =0.

In the last step, I've introduced
F =B+ £&dt,

sometimes called the Faraday form (although the letter originally simply stood for ‘field’). Similarly, the
second pair subtracts as follows:

oD — oM dt = Q — Jdt — Ddt,
OD +Ddt — dH At = Q — J dt,
dD —d(Hdt) = Q — J dt,
dM = j.

Now in the last step, I've introduced both the Maxwell form
M =D —Hdt
and the four-current form
Jj=Q-Jdt

Let's take stock of where we are. We have a continuous rank-2 exterior differential form F', measured
in webers (which are the same as volt-seconds), a continuous rank-2 pseudoexterior differential form M,
measured in coulombs (which are the same as ampere-seconds), and a continuous rank-3 pseudoexterior
differential form j, also measured in coulombs. There are now only two Maxwell's equations:

dF =0,

dM = j;
the continuity equation is simply

dj = 0.

We can also write these equations in integral form:

F =
OR

J, =5
jacgj =0

)
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Here, R is a 2-dimensional surface embedded in four-dimensional spacetime, which could be a surface as
we normally think of it, for an instant, but is typically what we would think of as a curve, persisting through
time (and perhaps moving, growing, or shrinking). Similarly, @ is a 3-dimensional hypersurface in space-
time, which could be a region of space for an instant but is typically what we would think of as a surface,
again persisting and possibly changing through time. There is no vector-calculus form of these spacetime
equations; neither F nor M can be described by vectors, even ones with 4 components (although there is a
concept of bivector or antisymmetrized dyad, a kind of tensor, that could be used here if you really insist).
It's worth looking specifically at the components that would go into F', M, and j. We have

F=B+Edt=B -dS+E-drdt = B, dydz + Bodzdz + Bsda dy + By dedt + B> dydt + Es dz dt;

this has 6 coefficients, containing all of the information in both £ and B (so nothing is lost by combining
the two equations into one). Similarly,

M=D-Hdt=D -dS—H-drdt = D;dydz + Dydzdz + Dydzdy — H; dedt — Hydydt — Hs dzdt,

and
j=0Q—-Jdt=pdV —J-dSdt = pdxdydz — Jydydzdt — Jodzdxdt — J3 dx dy dt.

(The information in the four-current form can be put into a four-dimensional vector, but I won't bother,
since everything works already with forms.)

Special relativity

We have not dealt with the constitutive relations in four dimensions. That is, what is the relationship be-
tween F and M? (To keep things simple, work in a vacuum, with ey and puo.) At the level of components,
we already know that F; = D;/eg and B; = poH;. 1'd like to say that *F is a constant times M, but how
does the Hodge dual work in spacetime? This is not an easy question, but the great thing about Maxwell's
equations is that they tell us how it must work!

We can make our jobs a little easier by using (instead of ST units) units of measurement in which ey
and po are 1. Then we have F; = D; and B; = H; exactly, and we also should have *F = M exactly. This
immediately gives us these rules:

x(da dt) = dydz,
*(dy dt) = dz dz,
*(dz dt) = dz dy,
)
)

*(dydz) = —da dt,
*(dz dx) = —dy dt,
*(de dy) = —dz dt.

If you try to make a consistent mnemonic for these rules along the lines of the mnemonic that I gave for
the Hodge dual in space (where the Hodge dual is whatever is left afterwards in the volume form), then
you will fail if you try it directly; in particular, the first rule suggests da dt dy dz, but this equals dx dy dz dt¢
(two reversals), so there's no explanation for the minus sign in the last rule.

However, we can make it work if we use imaginary numbers! T will put things back in SI units just for
the sake of giving the full answer; if you think of the volume form as

dz dy dz d(ict),
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where ¢ = 1/,/€glig, then we get these specific rules:
*(dxdi)::*<f}wtrdﬁcﬂ> = —Llayaz,
c c

*(dydt) = *(—é dyd(ict)) = —é dz dz,

*(dz dt) = *(—% dzd(ict)) = —é dz dy,
x(dy dz) = ded(ict) = icdx dt,
x(dzdz) = dy d(ict) = icdy dt,
*(da dy) = dzd(ict) = icdz dt.

Then if you work it through, you get

sF=—i B
€0

I have essentially split the rogue minus sign (which appeared only when d¢ was on one side of the equa-
tion) into i in each place where dt appears.

It is more fashionable these days to use only real numbers and to use directly the rules for the Hodge
dual that I first wrote down. To do this, you think of the volume form as dz dy dz d(ct) and remember
to throw in a minus sign whenever applying the Hodge to a term with d¢ in it. (This is particularly nice
when using units in which ¢ = 1.) But I have always preferred the formulation with imaginary numbers.

This has implications for the notion of length in 4-dimensional spacetime. Whereas

ds? = da? + dy? + dz?
in 3-dimensional space, the corresponding form in spacetime is
ar? = da? + dy? + dz? + d(ict)? = da? + dy? + dz? — Adt? = ds? — 2dt>.

(Unlike everywhere else in these notes, the multplication with which I'm squaring these differentials is or-
dinary multiplication, rather than exterior multiplication, and so these differential forms are not exterior
or pseudoexterior forms. I'm only following the usual practice in this; it usually doesn't cause confusion,
since dz A dz = 0, so dz? is unlikely to mean that.) Properly interpreted, this gives us the entire theory of
special relativity.

Einstein's key insight in that theory was that time is a feature of the geometry of the world as much
as space is. In particular, whether two events happen at the same time depends on your own motion through
space and time, just as much as whether two events happen at the same place. However, time's role in
spacetime geometry is different from space's role. If you naively use ds? + d¢2, then this doesn't make
sense, because the units don't match, so something like ¢> must appear there to convert between units of
space and time. If you use ds® + c? dt?, then space and time play the same role in geometry, just mea-
sured in different units. But since ds? — ¢? d¢? is correct, the roles of time and space are different.

It's in this way that there is an absolute notion of speed, because if ds/dt = ¢, then d7? comes out
to 0. Also, d7? can sometimes be negative, so that dr itself is imaginary; this happens for motion that
(like the motion of ordinary matter) is travelling at a speed slower than ¢. (If you put the minus sign on
the other term, then you get something which is positive for ordinary matter, so sometimes people do this;
it makes no difference in the end to the physical predictions of the theory.) Of course, this special speed ¢
is the speed of light in a vacuum, although I haven't explained yet why that is so.

Everything which we regard as a vector in space must now be seen as merely the space part of a vec-
tor in spacetime, and there is some scalar which also serves as its time part. We'll find that this scalar,
while previously thought to be an absolute notion, in fact depends on your frame of reference in special
relativity. An important example is the momentum of an object, whose corresponding scalar is (more or
less) its energy. Much of this relationship was known before special relativity; if p,, p,, and p, are the
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components of momentum in the three dimensions of space, then [p,,p,,p., —E] is a row vector that can
be multiplied by the column vector (dz,dy,dz, dt) to produce the action differential p, dx + p, dy + p. dz —
FE dt, which has been used to study mechanics since before Einstein was born. If we now use icdt in place
of dt, then this means that we must use iE/c in place of —E, and the square of the magnitude of the re-

sulting vector is
2

E
piererpi T2

Again this is negative for ordinary matter, and it has units of mass squared times speed squared, so if you
divide this by —c? before taking the square root, then you'll get a real value with units of mass:

What is this mass? Einstein realized that is simply the mass of the object. In particular, for an object

at rest (so that p,, py, and p, are zero), m = \/E?/c* = E/c* (assuming that the energy F is positive);

equivalently,

E = mdc>.

Accordingly, mass is a form of energy that can be converted into other forms, as in a nuclear explosion.
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