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Change of variables in multiple integrals

I often say that the di�erentials in expressions su
h as
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3x2 dx, 3 dx+ x2 dy + ey dz, and dy/dx 
an

and should be treated literally, not merely as mnemoni
s for appre
iable 
hanges in a limit or an approx-

imation. In parti
ular, you 
an do a 
hange of variables in a one-dimensional integral by 
al
ulating with

di�erentials; for example, to integrate
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1− 3x dx (say from x = 0 to x = 3), let u = 1− 3x, so that du =

−3 dx (and 
onsequently dx = −1/3 du), and 
al
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You 
an even develop a general formula for this 
hange of variables, by solving u = 1− 3x for x to get x =
1/3− 1/3u and di�erentiating that to get dx = −1/3 du (as before). Then
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(The last step, where I 
an
elled a minus sign by reversing the order of integration, is not really ne
essary,

but there is a point to it that will be
ome 
lear towards the end.) Of 
ourse, this isn t a formula that s

likely to be useful very often, simply be
ause this substitution isn t needed very often, but it does work;

for example, using a = 0, b = 3, and f(x) = 3
√
1− 3x, you get
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This is really the same 
al
ulation as before, only with some extra redundant algebra. This same approa
h

also works for integrating along 
urves as in �12.3 and ��15.1&15.2 of the textbook.

However, this method doesn t seem to work with area and volume integrals. In the 
ase of polar 
oor-

dinates, �14.4 of the textbook says to use a general formula similar to the one above:

w
(x,y)∈R

f(x, y) dx dy =
w
(r,θ)∈G

f(r cos θ, r sin θ)r dr dθ

(see the bottom of page 782), where

G = {r, θ | (r cos θ, r sin θ) ∈ R, r ≥ 0, 0 ≤ θ ≤ 2π}.

(This G is somewhat 
ompli
ated to write down, but it just refers to same region as R, only in di�erent


oordinates. Swit
hing from

r
(x,y)∈R

to

r
(r,θ)∈G

is the analogue of swit
hing from

r b

x=a
to

r 1−3a

u=1−3b
.) If you

try to derive this general formula in the same way as you 
an derive the general formula for the substitu-

tion u = 1− 3x, then that explains everything ex
ept for the r dr dθ at the end. Starting from x = r cos θ
and y = r sin θ, you get dx = cos θ dr − r sin θ dθ and dy = sin θ dr + r cos θ dθ, so you d think that

dx dy = (cos θ dr − r sin θ dθ)(sin θ dr + r cos θ dθ)

= cos θ sin θ dr2 + r cos2 θ dr dθ − r sin2 θ dθ dr − r2 sin θ cos θ dθ2

= sin θ cos θ dr2 + r cos (2θ) dr dθ − r2 sin θ cos θ dθ2.

But the answer should be simply r dr dθ, so what s going on?

The main part of the solution is to realize that the way in whi
h dx and dy are multiplied to get the

area element dx dy is not ordinary multipli
ation. It is another kind of multipli
ation known as exterior

multipli
ation but more often 
alled the wedge produ
t, be
ause the symbol for it is a wedge `∧'. The

wedge produ
t of di�erentials is similar to the 
ross produ
t of ve
tors in that it is anti
ommutative: du ∧
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dv = −dv ∧ du. A 
onsequen
e of this is that du ∧ du = 0 (sin
e it must equal its own opposite). Using

this, the 
al
ulation be
omes

dx ∧ dy = (cos θ dr − r sin θ dθ) ∧ (sin θ dr + r cos θ dθ)

= cos θ sin θ dr ∧ dr + r cos2 θ dr ∧ dθ − r sin2 θ dθ ∧ dr − r2 sin θ cos θ dθ ∧ dθ

= 0 + r cos2 θ dr ∧ dθ + r sin2 θ dr ∧ dθ − 0 = r dr ∧ dθ.

It works!

There is another issue that I need to deal with. In 
hanging variables from x to u = 1− 3x, you 
ould


hange the beginning and ending bounds of integration separately, so that x = 0 in the example be
omes

u = 1− 3(0) = 1 while x = 3 be
omes u = 1− 3(3) = −8. In double and triple integrals, however, the re-

gion of integration 
ould be any 
ompa
t (
losed and bounded) region, and this 
an t be des
ribed by just

a few numbers. In parti
ular, there is no distin
tion, in the boundary of su
h a region, between a start-

ing point and an ending point. A 
omplete analogue of the shift from (x, y) ∈ R to (r, θ) ∈ G, where G

is as de
ribed above, would shift from x ∈ [a, b] to u ∈ I, where I = {u | 1/3− 1/3u ∈ [a, b]}. Be
ause

1/3− 1/3a > 1/3− 1/3b (when a < b), I = [1/3− 1/3b, 1/3− 1/3a], suggesting an integral
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, as you get dire
tly from the substitution. If you want a single expression that


omes out to −1/3
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tion only via u ∈ I, then you 
an write
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Then if you interpret I as running from u = 1− 3a to u = 1− 3b, then u is de
reasing, so du is negative,

so |du| = −du, restoring the minus sign; but if you interpret I as running from u = 1− 3b to u = 1− 3a,
then u is in
reasing, so du is positive, so |du| = du, giving no minus sign.

In one dimension, we don t usually do things this way, but in multiple integrals, this is how they re

usually set up. So the area is element is really

d̄A = |dx ∧ dy|,

and the volume element is really

d̄V = |dx ∧ dy ∧ dz|.

(The symbol `d̄' may be used when something is traditionally written with `d' but is not really a di�eren-

tial, whi
h is the 
ase with dA and dV .)

With polar 
oordinates, the absolute value here make no di�eren
e. Sin
e dx ∧ dy = r dr ∧ dθ, you
get

d̄A = |dx ∧ dy| = |r dr ∧ dθ| = r |dr ∧ dθ|,

be
ause we always use polar 
oordinates so that r ≥ 0. In 
ylindri
al 
oordinates,

d̄V = |dx ∧ dy ∧ dz| = |r dr ∧ dθ ∧ dz| = r |dz ∧ dr ∧ dθ|.

Then in spheri
al 
oordinates, sin
e dz ∧ dr = ρdρ ∧ dφ in exa
tly the same way that dx ∧ dy = r dr ∧ dθ,

d̄V = |dx ∧ dy ∧ dz| = |r dz ∧ dr ∧ dθ| = |rρdρ ∧ dφ ∧ dθ| = |ρ2 sinφ dρ ∧ dφ ∧ dθ| = ρ2 sinφ |dρ ∧ dφ ∧ dθ|,

be
ause we always use 0 ≤ φ ≤ π so that sinφ ≥ 0. But if you 
hange 
oordiantes in some other way, then

the absolute value may matter. This is why the general formula for 
hange of 
oordinates in Se
tion 14.8

of the textbook involves an absolute value. (It also involves a determinant, and this takes 
are of the 
al-


ulations involving only the wedge produ
t.) But you don t need that formula at all, so long as you know

that d̄A = |dx ∧ dy| and d̄V = |dx ∧ dy ∧ dz| and are willing to 
al
ulate with di�erentials.
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