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Di�erentials and di�erential forms

Di�erential forms are, broadly speaking, expressions that may have di�erentials in them. They have many

uses in modern siene and engineering, even though they are not traditionally overed expliitly in math

lass. They are overed somewhat, however, and they are there whenever you di�erentiate or integrate,

even if you don t reognize them. They are espeially prominent in multivariable Calulus, and I want to

bring them to your attention; you ll �nd that symbols that otherwise seem meaningless or merely mnemon-

i an be understood literally (sometimes with slight hanges) as di�erential forms.

Examples

The most basi examples of di�erential forms are di�erentials suh as dx and dy. In general, if u is any

quantity that might hange, then du is intended to be a related quantity whose value is an in�nitely small

hange in u, or rather the amount by whih the value of u hanges when an in�nitely small (or arbitrarily

small) hange is made. (I will make this preise later on.)

Besides the di�erentials themselves, di�erential forms an be onstruted by applying arithmeti oper-

ations, so dx+ dy, dx dy, and
√
dx are all di�erential forms. In all of these expressions, we adopt an order

of operations in whih the di�erential operator d is applied before any arithmeti operator; for example,

dx2
means (dx)

2
, not d(x2) (whih is du when u = x2

and turns out to equal 2x dx). Additionally, we an
inlude ordinary quantities in these expressions, so x+ dx, 3 dx+ x2 dy + ey dz, and x ln (y/dz) are also
di�erential forms. We an also use di�erentials of di�erentials, suh as d2x (whih means d(dx), the dif-
ferential of dx), although we won t need suh higher-order di�erentials in this ourse. Besides all of this,

any ordinary expression ounts as a di�erential form in a degenerate way; thus, x, y2, and 2xy3 are also

di�erential forms (of order zero).

Some di�erential forms are more useful than others. Of those listed above, besides the di�erentials

and the non-di�erential quantities, the ones most likely to appear in a real problem are dx+ dy and 3 dx+
x2 dy + ey dz. These onsist of any number of terms, eah of whih is the produt of an ordinary quan-

tity (possibly the onstant 1) and the di�erential of an ordinary quantity. Di�erential forms with this

property are most ommonly found in pratie. We will use other di�erential forms, suh as 3x |dy| and√
dx2 + dy2; however, you might be able to see how even these forms are di�erential of degree 1 in a sense

similar to the degree of a polynomial.

All of the examples so far are di�erential forms of rank 1; there are also di�erential forms of higher

rank, suh as dx ∧ dy, whih are written using a new operation, the wedge produt. We will not use these

until later; these notes are only about di�erential forms of rank 1, or 1-forms for short. (Ordinary quanti-

ties have rank 0.)

Evaluating di�erential forms

In this lass, we generally assume that any ordinary quantity (that is any 0-form) is a funtion of 2 or 3
ordinary variables, P = (x, y) or P = (x, y, z). Thus, we evaluate ordinary quantites (0-forms) by spei-

fying spei� values for the variables that omprise P . For example, to evaluate u = x2 + xy when x = 2
and y = 3, we may write

u|P=(2,3) = (x2 + xy)|(x,y)=(2,3) = (2)
2
+ (2)(3) = 10.

To evaluate a di�erential form (of order 1), we need not only a point (a value of P ) but also a vetor

(a value of dP = 〈dx, dy〉 or dP = 〈dx, dy, dz〉). So for example, to evaluate α = 3dx+ x2 dy + ey dz when

x = 2, y = 3, z = 4, dx = 0.05, dy = −0.01, and dz = 0, we may write

α|P=(2,3,4),
dP=〈0.05,−0.01,0〉

= (3 dx+ x2 dy + ey dz)| (x,y,z)=(2,3,4),
〈dx,dy,dz〉=〈0.05,−0.01,0〉

= 3(0.05) + (2)
2
(−0.01) + e(3)(0) = 0.11.
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(Di�erential forms are often denoted with Greek letters suh as `α', although they don t have to be.) We

say that α has been evaluated at the point P = (2, 3, 4) along the vetor dP = 〈0.05,−0.01, 0〉. (The om-

ponents of dP don t need to be small, sine the de�nition makes sense in any ase, but in appliations

that s usually what matters; after all, dP is supposed to be a small hange in position.)

(To evaluate higher-order di�erential forms (those that involve higher-order di�erentials), we need to

speify additional vetors suh as d2P = 〈d2x, d2y, d2z〉, et. However, we won t need that level of general-

ity in this ourse.)

Di�erential forms as vetors

A di�erential form α = M dx+N dy +O dz may be viewed as a dot produt α = 〈M,N,O〉 · 〈dx, dy, dz〉 =
V · dP . For example, if α = 3dx+ x2 dy + ey dz, then α = 〈3, x2, ey〉 · dP ; onversely, if V = 〈3, x2, ey〉,
then

V · dP = 〈3, x2, ey〉 · 〈dx, dy, dz〉 = 3dx+ x2 dy + ey dz.

(We an reover V from α formally by evaluating α when dP is 〈i, j〉 or 〈i, j,k〉, but there s probably no

need to think about that expliitly.)

Even in irumstanes where it makes no sense to interpret a hange in the values of (x, y, z) as a ve-

tor in the geometri sense (with length and diretion), in whih ase dot produts involving them general-

ly have no meaning, it is traditional to write di�erential forms in this way and to fous on V rather than

on α as the objet of study. In this ase, we need to think of V as a row vetor. Regardless of whether V

has geometri signi�ane as a vetor, it an be helpful to visualize it as one.

When alulations with a row vetor need to be performed, ultimately it is the di�erential form α =
V · dP that matters. It s more ommon to see V · dr, where as usual the vetor r = P −O (where O is

(0, 0) or (0, 0, 0)) satis�es dr = dP . Sometimes V · dr is even regarded as merely a mnemoni notation (es-

peially in the ontext of de�ning integrals suh as those in Setion 15.2 of the textbook), but it an be

taken literally, just as dy/dx (whih is also sometimes regarded as merely mnemoni) an be taken literal-

ly as the result of a division of di�erentials. In any ase, people do write V · dr (even in the textbook), so

it an be nie to know what it means!

In the textbook, they also sometimes write dr = T ds, where ds (whih is not really the di�erential

of anything in spae as a whole) is the magnitude ds = |dr| and T = d̂r, the unit vetor in the diretion

of dr. This is sometimes useful when thinking about things geometrially, but it s not neessary for pur-

poses of alulation. In 2 dimensions, we an also take ross produts (using the rule 〈a, b〉 × 〈c, d〉 = ad−
bc); for example, if V = 〈3, x2〉, then

V × dr = 〈3, x2〉 × 〈dx, dy〉 = 3dy − x2 dx.

(This requires that hanges in x and y make sense as having a geometri length even when V is regard-

ed as merely a row vetor, so it doesn t ome up as often.) If you use ×〈c, d〉 = 〈d,−c〉, so that u× v =
u · ×v, then you an write V × dr as V · ×dr; the book sometimes writes this as V · n ds, where ds =

|×dr| = |dr| again, and now n =‘×dr = ×T is the diretion perpendiular and lokwise from dr. Again,
sometimes this is useful when thinking about the geometry, but you don t need it for doing alulations.

This is all espeially ommon when V is the output of a vetor �eld, that is a vetor-valued funtion

of several variables. For example, if F(x, y) = 〈3, x2〉, then

F(x, y) · dr = 〈3, x2〉 · 〈dx, dy〉 = 3dx+ x2 dy,

and

F(x, y)× dr = 〈3, x2〉 × 〈dx, dy〉 = 3dy − x2 dx.

So in Setion 15.2, whih is really about integrating di�erential 1-forms along urves, the book spends

most of its time talking about integrating vetor �elds along urves (and oasionally integrating them

aross urves in 2 dimensions). What s really going on is that you integrate the vetor �eld F by integrat-

ing one of the two di�erential forms above (usually the �rst one).
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Di�erentials and the rules of di�erentiation

In one-variable Calulus, one sometimes sees the Chain Rule expressed as

dy

dx
=

dy

du
· du
dx

,

but the Chain Rule is a nontrivial fat that annot be proved by simply anelling fators. I prefer to

state the Chain Rule as

d
Ä
f(u)
ä
= f ′(u) du.

the point is that the same funtion f ′
appears regardless of whih argument u we use.

Even this is more abstrat than how the Chain Rule is applied. For example, suppose that you have

disovered (say from the de�nition as a limit) that the derivative of f(x) = sinx is f ′(x) = cosx. Sine

f ′(x) may be de�ned as

d
Ä
f(x)
ä

dx
, this derivative an be expressed in di�erential form without even both-

ering to name the funtions involved:

d(sinx) = cosx dx.

One you know this, you know something even more general:

d(sinu) = cosu du

for any other di�erentiable quantity u; the Chain Rule is the power to derive this equation from the previ-

ous one. Thus, using u = x2
(to ontinue the example),

d
Ä
sin (x2)

ä
= cos (x2) d(x2) = cos (x2)(2x dx) = 2x cos (x2) dx.

You may now divide both sides of this equation by dx if you wish, but the basi alulation involves only

rules for di�erentials.

For the reord, here are the rules for di�erentiation that you should already know, expressed using

di�erentials:

• The Constant Rule: d(K) = 0 if K is onstant.

• The Sum Rule: d(u+ v) = du+ dv.
• The Translate Rule: d(u+ C) = du if C is onstant.

• The Di�erene Rule: d(u− v) = du− dv.
• The Produt Rule: d(uv) = v du+ u dv.
• The Multiple Rule: d(ku) = k du if k is onstant.

• The Quotient Rule: d

Å
u

v

ã
=

v du− u dv

v2
.

• The Power Rule: d(un) = nun−1 du if n is onstant.

• The Exponentiation Rule: d(expu) = expu du (where expu means eu).

• The Logarithm Rule: d(lnu) =
du

u
.

• The Sine Rule: d(sinu) = cosu du.
• The Cosine Rule: d(cosu) = − sinu du.
• The Tangent Rule: d(tanu) = sec2 u du.
• The Cotangent Rule: d(cotu) = − csc2 u du.
• The Seant Rule: d(secu) = tanu secu du.
• The Coseant Rule: d(cscu) = − cotu cscu du.

• The Arsine Rule: d(asinu) =
du√
1− u2

(where asinu means sin−1 u).

• The Arosine Rule: d(acosu) = − du√
1− u2

.
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• The Artangent Rule: d(atanu) =
du

u2 + 1
.

• The Arotangent Rule: d(acotu) = − du

u2 + 1
.

• The Arseant Rule: d(asecu) =
du

|u|
√
u2 − 1

.

• The Aroseant Rule: d(acscu) = − du

|u|
√
u2 − 1

.

• The Chain Rule: d(f(u)) = f ′(u) du if f is a funtion of one variable that s di�erentiable at u.

• The First Fundamental Theorem of Calulus: d
Äw v

t=u
f(t) dt

ä
= f(v) dv − f(u) du if f is a funtion of

one variable that s ontinuous between u and v.

(The last one might not be familiar to you in suh a general form, but it an be handy.)

Notie that every one of the rules above turns the di�erential on the left into a sum of terms (possibly

only one term, or none in the ase of the Constant Rule), eah of whih is an ordinary expression multi-

plied by a di�erential (or something algebraially equivalent to this). This is a kind of di�erential form;

more preisely, these are linear di�erential 1-forms (whih are also alled exterior di�erential 1-forms).

Here is an example of how to use the rules, step by step, to �nd a di�erential. Spei�ally, I ll �nd the

di�erential of x2y + sin (z2). (In one-variable Calulus, you might onsider this if x, y, and z all happen to

be funtions of some other variable t; but in multivariable Calulus, the same alulation will apply even

when the variables x, y, and z are all independent.)

d
Ä
x2y + sin (z2)

ä
= d(x2y) + d

Ä
sin (z2)

ä

= y d(x2) + x2 dy + cos (z2) d(z2)

= y(2x2−1 dx) + x2 dy + cos (z2)(2z2−1 dz)

= 2xy dx+ x2 dy + 2z cos (z2) dz.

Here I ve used, in turn, the sum rule, the produt and sine rules (one in one term and the other in the oth-

er term), the power rule (in two plaes), and �nally some algebra to simplify. Of ourse, you an usually

do this muh faster; with pratie, you an jump immediately to the seond-to-last line by applying the

next rule whenever one rule results in a di�erential; then you only need one more step to simplify it alge-

braially. Often you an even do some of the algebra in your head immediately (like simplifying x2−1
to x,

so that d(x2) immediately beomes 2x dx).

Partial derivatives

If f(x, y, z) (for example) an be expressed using the usual operations (and possibly even if it annot),

then its di�erential will ome out as

d
Ä
f(x, y, z)

ä
= f1(x, y, z) dx+ f2(x, y, z) dy + f3(x, y, z) dz

for some funtions f1, f2, and f3. These funtions are the partial derivatives of f . Sine subsripts an

be used for many things, a better notation for f1, f2, and f3 is D1f , D2f , and D3f (respetively); om-

pare the notation Df for f ′
that is sometimes used in single-variable Calulus. For example, if f(x, y, z) =

x2y + sin (z2), then

d
Ä
f(x, y, z)

ä
= d
Ä
x2y + sin (z2)

ä
= 2xy dx+ x2 dy + 2z cos (z2) dz

(as I alluated earlier), so

D1f(x, y, z) = 2xy,

D2f(x, y, z) = x2
, and

D3f(x, y, z) = 2z cos (z2).
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If instead we write u for f(x, y, z), then we have a di�erent notation for the oe�ients on the di�er-

entials:

du =

Å
∂u

∂x

ã

y,z

dx+

Å
∂u

∂y

ã

x,z

dy +

Å
∂u

∂z

ã

x,y

dz.

(The symbol `∂' is a variation on the lowerase Greek Delta, `δ'. It is usually not pronouned diretly; in-

stead, you read the entire expression as desribed below.) So for example, if u = x2y + sin (z2), then

du = d
Ä
x2y + sin (z2)

ä
= 2xy dx+ x2 dy + 2z cos (z2) dz

again, so Å
∂u

∂x

ã

y,z

= 2xy,

Å
∂u

∂y

ã

x,z

= x2
, and

Å
∂u

∂z

ã

x,y

= 2z cos (z2).

This

Å
∂u

∂x

ã

y,z

is the partial derivative of u with respet to x, �xing y and z, whih tells you how muh

u hanges relative to the hange in x as long as y and z remain the same. All of the information in this

notation is neessary to avoid ambiguity, but in pratie people usually write simply

∂u

∂x
, all this simply

the partial derivative of u with respet to x, and expet you to guess from ontext what other variables

are remaining �xed.

Of ourse, people also mix notation for f with notation for u, writing Dxf , fx,
∂f

∂x
, and so on, as well

as ux, u1, D1u, and so on. Tehnially, notation with numbers makes sense only when applied to the name

of a funtion, beause the arguments of that funtion ome in a spei� order; while notation referring to

the variables used does not make sense when applied to the name of a funtion, sine one ould use any

variables as the arguments of the funtion (although it does make sense when applied to an expression

suh as f(x, y, z), in whih these variables have been spei�ed). In pratie, however, people usually use

the variables x, y, z in that order; then there is no onfusion.

De�ning di�erentials

Reall from the handout on de�nitions for funtions of several variables that the funtion f is di�eren-

tiable at the point P0 if there exists a row vetor ∇f(P0) suh that, for every di�erentiable parametrized

urve C and real number t0, if C(t0) exists and equals P0, then the omposite funtion f ◦ C is di�eren-

tiable at t0 and furthermore (f ◦ C)
′
(t0) = ∇f(P0) · C ′(t0). This makes ∇f a vetor �eld, alled the gra-

dient of f , that is de�ned wherever f is di�erentiable. (The symbol `∇' is variously pronouned `Atled',

`Nabla', and `Del'; people also write grad f for ∇f .)

If u = f(P ) and f is di�erentiable, then we write

du = ∇f(P ) · dP = ∇f(P ) · dr,

where r is P −O (P minus the origin), as usual. If you think of ∇f as a derivative of f , then this is sim-

ply taking the Chain Rule as a de�nition. There are two good things about this de�nition of du. First of
all, all of the usual rules of di�erentiation are atually true of it; beause the de�nition ultimately refers to

ordinary funtions, we an prove eah rule in the list on pages 3 and 4 by using the orresponding result

for ordinary funtions. The other good thing about this de�nition is that when we evaluate a di�erential

at a given point and vetor, then the result is one of the derivatives (f ◦ C)
′
(t0) that appear in the de�ni-

tion above.
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Spei�ally, �xing a point P0 and a vetor v0, let C(t) = P0 + tv0; then C is a di�erentiable urve

with C(0) = P0 and C ′(0) = v0, so

du|P=P0,
dP=v0

= ∇f(P0) · v0 = ∇f
Ä
C(0)

ä
· C ′(0) = (f ◦ C)

′
(0)

when u = f(P ). If v0 happens to be a unit vetor (a diretion), then ∇f(P0) · v0 is alled the diretional

derivative of f at P0 in the diretion of v0. In general, the diretional derivative in the diretion of v0 is

∇f(P0) · v̂0 (where v̂ = v/|v| is the unit vetor in the diretion of v); however, be areful, beause some

people use the term `diretional derivative' for ∇f(P0) · v0 in the general ase (sine it s important but

there is no standard name for it). In partiular, the diretional derivatives parallel to the oordinate axes

�that is ∇f(P0) · i, ∇f(P0) · j, and (in 3 dimensions) ∇f(P0) · k� are simply the partial derivatives of f

at P0.

Beause d
Ä
f(P )

ä
= ∇f(P ) · dP = ∇f(P ) · dr, the value of the gradient may also be written as

∇f(P ) = d
Ä
f(P )

ä¿
dP = d

Ä
f(P )

ä¿
dr (although we annot de�ne division by a vetor in general). An

even simpler notation for ∇f(P ) would be f ′(P ), but this is traditionally not used, beause there are many

notions of derivative of f (suh as the diretional derivatives and the partial derivatives); even though the

gradient is the most general derivative, it is ommonly thought that f ′
would be ambiguous in this on-

text. (When we start di�erentiating vetor �elds near the end of this ourse, there will be another rea-

son that it s onvenient to have a symbol ∇ that we an manipulate more easily than the tiny tik mark

on f ′
.)

Gradients

If f is a funtion of (say) 3 variables, then the de�nition of di�erential above states that

d
Ä
f(x, y, z)

ä
= ∇f(x, y, z) · d(x, y, z) = ∇f(x, y, z) · 〈dx, dy, dz〉;

meanwhile, the de�nition of partial derivatives states that

d
Ä
f(x, y, z)

ä
= D1f(x, y, z) dx+D2f(x, y, z) dy +D3f(x, y, z) dz

= 〈D1f(x, y, z), D2f(x, y, z), D3f(x, y, z)〉 · 〈dx, dy, dz〉.

In other words,

∇f(x, y, z) = 〈D1f(x, y, z), D2f(x, y, z), D3f(x, y, z)〉 =
〈
∂
Ä
f(x, y, z)

ä

∂x
,
∂
Ä
f(x, y, z)

ä

∂y
,
∂
Ä
f(x, y, z)

ä

∂z

〉
.

Put more simply,

∇f = 〈D1f,D2f,D3f〉,

or even

∇ = 〈D1, D2, D3〉.

The gradient has the same information as the di�erential, and the partial derivatives are the om-

ponenets of the gradient, so any one of these (the gradient, the partial derivatives, or the di�erential) may

be used to solve any problem. The di�erential is usually the most useful for diret alulation, whih is

one reason why I use it heavily. However, if we have a geometri notion of length available to allow us to

think of row vetors (suh as the gradient) as the same as olumn vetors (the usual ones, going between

points), then the gradient is easier to visualize.
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For referene, here are a bunh of relationships between di�erentials, partial derivatives, and gradi-

ents, assuming that u = f(x, y, z):

du =

Å
∂u

∂x

ã

y,z

dx+

Å
∂u

∂y

ã

x,z

dy +

Å
∂u

∂z

ã

x,y

dz;

du = D1f(x, y, z) dx+D2f(x, y, z) dy +D3f(x, y, z) dz;

D1f(x, y, z) =

Å
∂u

∂x

ã

y,z

, D2f(x, y, z) =

Å
∂u

∂y

ã

x,z

, D3f(x, y, z) =

Å
∂u

∂z

ã

x,y

;

∇f(x, y, z) = 〈D1f(x, y, z), D2f(x, y, z), D3f(x, y, z)〉;
du = ∇f(x, y, z) · 〈dx, dy, dz〉
du|〈dx,dy,dz〉=v

= ∇f(x, y, z) · v

Tangents and normal lines

If f is a funtion of 2 (or 3) variables and P0 is a point in 2 (or 3) dimensions, then the level urve (or sur-

fae) of f through P0 is given by the equation f(P ) = f(P0), where P = (x, y) (or (x, y, z), as usual). (The
funtion f and the point P0 have already been �xed, but the point P is allowed to vary, so this is an equa-

tion in our 2 (or 3) variables, as it should be.) If f is di�erentiable at P0 and the gradient of f is nonzero

at P0, then this level urve (or surfae) has a tangent line (or plane) through P0, given by the equation

∇f(P0) · (P − P0) = 0. Finally, perpendiular to this tangent line (or plane), there is a normal line (al-

ways a line!) through P0, with parametrization P = P0 + t∇f(P0) in the parameter t.

Writing u for f(P ), the equation for the level urve (or surfae) is u = u|P=P0
. Writing ∆u for

f(P +∆P )− f(P ), a quantity that depends on both a point P and a vetor ∆P , another equation for

the level urve (or surfae) is ∆u|P=P0,
∆P=P−P0

= 0. That is, you take the expression for ∆u, whih says how

muh u hanges between two points, put P0 in for the starting point P , and then put P − P0 in for the

di�erene ∆P between the two points. Sine the value of u shouldn t hange on the level urve (or sur-

fae), this di�erene ∆u should be zero. (Notie that the meaning of P hanges over the ourse of this

substitution; originally it refers to the starting point, whih we set to P0, but afterwards it refers to anoth-

er point on the level urve (or surfae), so we set the displaement ∆P between the two points to P − P0.)

The tangent line (or plane) is given by a very similar equation, exept that now we look at how the

urve (or surfae) is hanging in�nitesimally at P0 and extend this out to arbitrary distanes. Thus, the

equation ∆u = 0 for the level urve (or surfae) beomes du = 0 for the tangent line (or plane). How-

ever, we re still looking for the values of u in the same plae, so the full equation is du|P=P0,
dP=P−P0

= 0. If

you follow the de�nition of di�erential from page 5 and 6 above, then you ll see that this means preisely

∇f(P0) · (P − P0) = 0.
For example, if u = xy and P0 = (2, 3), then the level urve is xy = (2)(3), or simply xy = 6. (Re-

plae x with 2 and y with 3 on the right-hand side.) Alternatively, ∆u = (x+∆x)(y +∆y)− xy = y∆x+
x∆y +∆x∆y, so the level urve is (3)(x− 2) + (2)(y − 3) + (x− 2)(y − 3) = 0. (Replae x with 2, y
with 3, ∆x with x− 2, and ∆y with y − 3.) This also simpli�es to xy = 6.

That was obviously more work than neessary for the level urve, but now apply the same tehnique

to the di�erential to get the tangent line: du = y dx+ x dy, so the tangent line is (3)(x− 2) + (2)(y − 3) =
0. (Replae x with 2, y with 3, dx with x− 2, and dy with y − 3.) This simpli�es to 3x+ 2y = 12, and
now we learnt something that we didn t know before.

Beause the normal line depends on the geometri notion of angle (to tell you what s perpendiular

to what), this an t be done as slikly using only di�erentials. Now we really do want to think of the gra-

dient vetor. All the same, sine this an be read o� of the di�erential so easily, you an still start with

du = y dx+ x dy. First, replae only x with 2 and y with 3 to get 3 dx+ 2dy, then read o� the gradi-

ent vetor 〈3, 2〉. Sine we started at the point (2, 3), the parametri equation is P = (2, 3) + t〈3, 2〉, or
(x, y) = (3t+ 2, 2t+ 3) in more detail.

None of this (beyond the level urve (or surfae) itself) works right if the gradient ∇f(P0) is zero
or unde�ned. If the gradient is unde�ned, then of ourse we an t say anything using it; but if the gradient

is zero, then these equations say that every point belongs to the tangent line (or plane) and only the point
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P0 belongs to the normal line. Of ourse, that would mean that they re not lines (or a plane and a line)

at all! When the gradient is zero, the truth may be that there is no tangent or that there is a tangent but

it really does onsist of everything, or there may be an honest tangent line (or plane) after all; but in any

ase, these formulas won t help you know that!
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